Abstract. In this paper we describe a 1-dimensional family of initial conditions Σ that provides reduced periodic solution of the three body problem. This family Σ contains a bifurcation point and extend the periodic solution described in [7] . This 1-dimensional family is the union of two embedded smooth curves. We will explain how the trajectories of the bodies in the solutions coming from one of the embedded curves have two symmetries while those coming from the other embedded curve only have one symmetry. The Round Taylor Method is a numerical method implemented by the author to keep track of the global error and the round-off error. A second version of this paper, same title with the "light version" part removed, will include analysis of the error of the solutions using the Round Taylor Method.
. Trajectory of one of the bodies for some of the periodic solutions described in this paper
Introduction
In [7] the author considered the family of solutions of the three body problem described by the parameters a and b suggested by the following figure. Three functions F (t, a, b), R(t, a, b)
Department of Mathematics, Central Connecticut State University, 120 Marcus White Hall, New Britain, CT 06052, USA mihaib@ccsu.edu. and Θ(t, a, b) describe the solution of the three body problem with initial conditions described in Figure 2 , more precisely we have that x(t) = (0, 0, F (t, a, b)) y(t) = (R(t, a, b) cos(Θ(t, a, b)), R(t, a, b) sin(Θ(t, a, b)), −F (t, a, b)) z(t) = (−R(t, a, b) cos(Θ(t, a, b)), −R(t, a, b) sin(Θ(t, a, b)), −F (t, a, b)) , satisfy the three body problem equations, provided that the following ODE system holds trueF = − 400 S 3 F,R = with R(0, a, b) = 10, F (0, a, b) = 0, Θ(0, a, b) = 0, where S = √ R 2 + 4F 2 whereĠ denotes the partial derivative with respect to t for any function G(t, a, b). We are assuming that the gravitational constant is 1. We will be referring to the solution of the three body problem described by the differential equation (1.1) as φ(a, b).
whereĠ denotes the partial derivative with respect to t for any function G(t, a, b). We are assuming that the gravitational constant is 1. We will be referring to the solution of the three body problem described by the differential equation (1.1) as φ(a, b).
It is not difficult to show that anytime we find a point (T, a, b) such thatḞ (T, a, b) = R(T, a, b) = 0, then the solution φ(a, b) is reduced periodic with period 4T . We will call these solutions odd/even solutions because from the point of view of t = 0 the function F is an odd function with respect to t, but from the point of view of t = T , both functions F and R are even. Also, it is not difficult to show that anytime we find a point (T, a, b) such that F (T, a, b) =Ṙ(T, a, b) = 0, then the solution φ(a, b) is reduced periodic with period 2T . We will call these solutions odd solutions because from the point of view of t = 0 the function F is an odd function. We point out that every odd/even function is also odd due to the fact that ifḞ (T, a, b) =Ṙ(T, a, b) = 0, then F (2T, a, b) =Ṙ(2T, a, b) = 0.
In [7] the author proved the existence of a small path α ⊂ R 3 = {(T, a, b) : T, a, b ∈ R} of odd/even solutions. In this paper we extend this path to a path S 1 of odd/even solutions: the embedded curve P 3 BP 2 in Figure 3 . This path starts near a periodic solution where the body in the center remains motionless and the other two bodies move along an ellipse (b near 0). The path ends near a motion with a double coalition (in this case a is near 0). We also provide a path S 2 ⊂ R 3 of odd solutions: the embedded curve that contains the curve P 1 B in Figure 3 . This path S 2 starts near a motion with a triple collision (in this case a is near 0). This path S 2 intercepts the path S 1 in a single point that can be thought as a bifurcation point of the set of reduced periodic solutions. The author is not sure if this path will continue to be an unbounded curve.
A second version of this paper will use the Round Taylor Method [7] to compute the error and show that the difference between the initial conditions and the values of the solution after a period T is small.
2.
Graph of the path of initial conditions that provides reduced periodic solutions.
This section describes a path ⊂ R 3 = {(T, a, b) : T, a, b ∈ R} with the property that for any (T, a, b) in S, the solution φ(a, b) is reduced periodic with period T , this is, the relative position of the three bodies in the solution φ(a, b) repeats every T units of time. Figure 3 is an image of the path S. Recall that the distances between the three bodies depend exclusively only on the functions R(t) and F (t). More precisely, the distance between the two bodies that go around the z axis is 2R(t) and the distance between the body that moves on the z-axis and any of the other two bodies is given by R(t) 2 + F (t) 2 .
2.1. The solution given by the point P 3 = (9.9472 . . . , 4.73605 . . . , 0.2). This solution is very close to the solution when the body in the center stays still and the other two bodies move on a perfect circle. Figure 4 shows the graphs of the functions F and R associated with this solution. We can see how the body in the center given by (0, 0, F (t)) moves very little and the other two bodies given by (R(t) cos(Θ(t)), R(t) sin(Θ(t)), −F (t)) and (−R(t) cos(Θ(t)), −R(t) sin(Θ(t)), −F (t)) stay near the circle of radius 10 on the x-y plane with center at the origin. 
. ).
This solution is very close to a solution with a double collision. Figure 5 shows the graphs of the functions F and R associated with this solution. We can see how after a quarter of a period the two bodies that go around the z-axis are very close to each other (R is very small, it is near 0.0547972) at this instance the body in the center is at its highest point while the other two bodies are both very close to the point (0, 0, −6.01695 . . . ). 
This solution is very close to a solution with a triple collision. Figure 6 shows the graphs of the functions F and R associated with this solution. We can see how after half of a period the three bodies are very close to the origin. F is zero and R is very small, it is near 0.0369262. Figure 6 . The functions F and R associated with the reduced periodic solution given by the point P 1 .
2.4.
The solution given by the point B = (14.6072 . . . , 2.08181 . . . , 3.19493 . . . ). This is the bifurcation point of the path of solutions. Figure 7 shows the graphs of the functions F and R associated with this solution. Let us call S 1 , the part of the path contained in S given by the smooth curve that connects P 2 , B and P 3 , see Figure 3 . Likewise, let us call S 2 , the part of the path contained in S given by the smooth curve that connects P 1 , B and also contains the part of S that has an arrow at the end. All the points in the path S 1 are odd/even solutions; all of them share the symmetry given by the functions shown in Figure 7 . More precisely: With respect to the origin, the function F is odd and the function R is even and with respect to t = T 4 , both functions F and R are even. The solutions associated with points in the curve S 2 different from the point B do not share these two symmetries. With respect to t = 0, the function F is odd and the function R is even. There is not symmetry with respect to t = . Figure 8 shows the function F and R for the solution associated with two points on S 2 .
3. Procedure to obtain the points on the curve S and the bifurcation point 3.1. Original ODE. The functions F (t, a, b), R(t, a, b) and Θ(t, a, b) satisfy the following ODE Figure 8 . The image on the left shows the functions F and R associated with a point on the curve S 2 between P 1 and B. The image on the right shows these two functions for a point on the curve S 2 located after the point B. We can see how the symmetry with respect to the vertical line t = T 2 that is present for solutions coming from points in S 1 is not present in these solutions.
with initial conditions
This ODE will be referred to as the original ODE. We have that x 1 (t) provides F (t, a, b), x 2 (t) provides R(t, a, b), x 3 (t) providesḞ (t, a, b), x 4 (t) providesṘ(t, a, b) and x 5 (t) provides Θ(t, a, b) 3.2. Extended ODE. The partial derivative of the functions F (t, a, b), R(t, a, b) and Θ(t, a, b) satisfy the following ODĖ with initial conditions
This ODE will be referred to as the extendded ODE. We have that x 1 (t) provides F (t, a, b), (t, a, b). These equations easily follows as an application of the chain rule. To exemplify this procedure let us computeẋ 8 (t),
3.3. Getting the points on S 1 . Ideally we want each point (t, a, b) ∈ S 1 to satisfy the system of equations {Ḟ (
, a, b) = 0}. From the paper [7] we know that there exist a pointP 0 = (t,ā,b) near
such thatḞ (P 0 ) =Ṙ(P 0 ) = 0. If we assume for a moment that we completely know the functions F and R in the whole R 3 , then the way to find the curve S 1 would be simply, first, find the vector field X = v 1 × v 2 , where v 1 = ∇Ḟ = (F ,Ḟ a ,Ḟ b ) and v 2 = ∇Ṙ = (R,Ṙ a ,Ṙ b ) and second, find the integral curve of the vector field X that goes throughP 0 . Recall that the first entry of points in S 1 is 4 times the first entry of points in this integral curve. Notice that using the notation from section 3.2 we have that
Even though we do not know the vector field ∇Ḟ and ∇Ṙ everywhere, we can still use the idea of integrating the vector field X using the Euler method. The next subsection explains the algorithm that we are using in this paper to get the points in S 1 .
3.3.1. Continuation algorithm. For the Algorithm we select three small numbers 1 and 2 and 3 that we use as tolerance for the error. We want 0 < 1 < 2 . Recall that we want to find solutions of the system {Ḟ =Ṙ = 0}. We will be collecting the solution of this system of equations in a set called T S. To start with, we make, T S = {P 0 }, the set which only element is the numerical solution that we know. We will use P 0 to start the algorithm.
( 
Go back to numeral (1) to start the process over by making Q 0 = Q 1 .
Definition 3.1. We will call pillar points all the points Q i in the previous algorithm.
In our case the algorithm stopped or became difficult to carry near the point P 3 and P 2 because the ode was approaching a singularity near P 2 (recall that P 2 is close to a collision) and on the other hand the vector field X is close to the zero vector near P 3 .
As an example of the method, if we start with Q 0 = P 0 and we use 1 = 10 −6 , 2 = 3 = 0.00005, h = 0.001 and k = 200, then, q 200 = (2.7219062659312807, 4.212655007080421, 1.6538674269975053) and we can use Q 1 = (2.72191575576588, 4.212633490447383, 1.6538497779324066).
3.4.
Getting the points on S 1 . Ideally we want each point (t, a, b) ∈ S 2 to satisfy the system of equations {F (
, a, b) = 0}. If we assume for a moment that we completely know the functions F and R in the whole R 3 , then the way to find the curve S 2 would be simply, first, find the vector field Z = w 1 × w 2 , where w 1 = ∇F = (Ḟ , F a , F b ) and w 2 = ∇Ṙ = (R,Ṙ a ,Ṙ b ) and second, find the integral curve of the vector field Z. Recall that the first entry of points in S 2 is twice the first entry of points in this integral curve. Notice that using the notation from section 3.2 we have that ∇F = (x 3 , x 6 , x 11 ). The points in S 2 are found using the algorithm described in section 3.3.1.
3.5.
Getting the bifurcation point. Recall that the solutions associated with points on S 1 are called odd/even solutions and those associated with points in S 2 are called even solutions. Having in mind the symmetries of the solutions, it is not a surprise that for points on the integral curve γ of the vector field X that passes to the pointP 0 , the vector field Z is parallel to the vector field X. The bifurcation point occurs because along γ, there is a point where the vector field Z vanishes. In order to numerically compute the bifurcation point, we take the minimum of the set {|Z( 
Periodic Solutions
Recall that a reduced periodic solution φ(a, b) with period T is periodic if Θ(T,a,b) π is a rational number. It is not difficult to see the values of the function Θ on the points on the S. In this section we will be selecting some values for Θ along the path S that provides periodic solutions. Figure 1 . Every entry of the matrix in Figure 1 (located at the begging of the paper) shows the trajectory of one of the three bodies that moves periodically solving the three-body problem. The following table provides the initial conditions of these 9 periodic solutions. The first entry T represent the period of the reduced periodic solution. This is, the positions and velocities after T units of time agree with the initial positions and velocities up to a rotation of θ radians. This rotation θ is given in the second column of the table. Every color in these images show the trajectory after T units of time. These points are part of the path S 2 . These periodic solutions only one symmetry. The periodic solution given by the last row in this table is very close to a triple collision. Figure 10 . Trajectory of one of the bodies for some of the periodic solutions described in this paper.
Periodic solution displayed on

